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Abstract
In this paper, we study the thermodynamics of black holes using a generalized
uncertainty principle (GUP) with a correction term linear order in the momentum
uncertainty. The mass-temperature relation and heat capacity are calculated from
which critical and remnant masses are obtained. The results are exact and are found
to be identical. The entropy expression gives the famous area theorem upto leading
order corrections from GUP. In particular, the linear order term in GUP leads to a√
A correction to the area theorem. Finally, the area theorem can be expressed in
terms of a new variable termed as reduced horizon area only when the calculation
is done to the next higher order correction from GUP.
The idea of existence of a minimal length arises naturally in quantum gravity theories
in the form of effective minimal uncertainty in position. For example, in string theory
[1]-[2], it is impossible to improve the spatial resolution below the characteristic length
of the string which is expected to be close or equal to Planck length. Based on these
arguments, the conventional Heisenberg uncertainty principle has been modified to the
generalized uncertainty principle (GUP) [3], [4]. This idea, proposed first in [5], has led
recently to a considerable amount of study in various areas of physics. For instance, the
laws of black hole thermodynamics [6]-[8] has been investigated under this modification
[9]-[12], quantum gravity corrections are computed in quantum systems (such as particle
in a box, Landau levels and simple harmonic oscillator) [13]-[17], Planck scale corrections
are obtained in the phenomena of superconductivity and quantum Hall effect [18] and its
implications has been studied in cosmology [19], [20].
In this paper, we will find the thermodynamic properties of the Schwarzschild and
Reissner-Nordstro¨m (RN) black holes using the following form of the GUP proposed in
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the literature [13]
δxδp ≥ h¯
2
{
1− 2αlp
h¯
〈p〉+ β
2l2p
h¯2
〈p2〉
}
≥ h¯
2
1 +
 αlp
h¯
√
〈p2〉
+
β2l2p
h¯2
 (∆p)2 + β2l2p
h¯2
〈p〉2 − 2αlp
h¯
√
〈p2〉
 ; β = 2α (1)
where lp is the Planck length (∼ 10−35m) and α, β are dimensionless constants. We
calculate the critical mass (below which the thermodynamic quantities become ill-defined)
and the remnant mass (at which the radiation process stops) for these black holes. Our
results are analytically exact in contrast to earlier results [11] where approximations have
been made in the computation of the critical and remnant masses. We finally compute the
entropy and obtain the well known area theorem with GUP corrections. The linear order
term in momentum uncertainty leads to a
√
A correction to the area theorem. For the
Schwarzschild black hole, we extend the computation of the entropy to the next leading
order correction from the GUP and obtain the area theorem in terms of a new variable
which can be interpreted as the reduced horizon area. The reduced horizon area is found
to have a singularity in the entropy which is avoided as the remnant mass is larger than
the mass for which the entropy becomes singular. However, the reduced horizon area does
not come in the picture if we keep our computation to the leading order correction from
GUP.
To start with, we first make a few remarks about the GUP (1). Note that in writing
the second line of the above inequality, the relation (∆p)2 = 〈p2〉 − 〈p〉2 has been used.
Now making the approximation 〈p〉 ≈ 0, the above relation can be put in the form
δxδp ≥ h¯
2
{
1− αlp
h¯
∆p+
β2l2p
h¯2
(∆p)2
}
. (2)
However, to carry out our calculations. we shall consider α 6= β and at the end we shall
put α = β/2. This would allow us to check the consistency of our results with earlier
findings [21] by setting α = 0.
Let us now consider a Schwarzchild black hole of mass M . For any quantum particle
(massless) near the horizon of the black hole, the momentum uncertainty can be written
in terms of the temperature as [9]
T =
(δp)c
kB
(3)
where c is the speed of light and kB is the Boltzmann constant. At thermodynamic
equilibrium, the temperature of the black hole will be equal to the temperature of the
particle. Also, near the horizon of the Schwarzschild black hole, the position uncertainty
of a particle will be of the order of the Schwarchild radius of the black hole [9],[22]
δx = rs ; rs =
2GM
c2
(4)
where  is a calibration factor, rs is the Schwarzschild radius and G is the Newton’s
universal gravitational constant.
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To relate the temperature with the mass of the black hole, the GUP (2) has to be saturated
δxδp =
h¯
2
{
1− αlp
h¯
(δp) +
β2l2p
h¯2
(δp)2
}
. (5)
This can be put in the following form using eqs.(3) and (4)
M =
M2p c
2
4kBT
{
1− αlp
ch¯
(kBT ) +
β2l2p
c2h¯2
(kBT )
2
}
=
M2p c
2
4
{
1
kBT
− α 1
Mpc2
+ β2
kBT
(Mpc2)2
}
(6)
where the relations ch¯
lp
= Mpc
2 and Mp =
c2lp
G
(Mp being the Planck mass) has been used.
In the absence of correction due to quantum gravity, eq.(6) reduces to
M =
M2p c
2
4kBT
. (7)
Comparing this with the semi-classical Hawking temperature T =
M2p c
2
8piMkB
[6], [7], yields
the value of  = 2pi.
Hence, the mass-temperature relation (6) takes the form
M =
M2p c
2
8pi
{
1
kBT
− α 1
Mpc2
+ β2
kBT
(Mpc2)2
}
. (8)
Now by definition, the heat capacity of the black hole reads
C = c2
dM
dT
(9)
which by using eq.(8) gives
C =
kB
8pi
−
(
Mpc
2
kBT
)2
+ β2
 . (10)
From a simple physical consideration (involving eqs.(7) and (10)), one can argue that there
exists a temperature at which the heat capacity vanishes [21]. The radiation process stops
at this temperature of the black hole with a finite mass termed as the remnant mass.
The entropy of the black hole can be determined from the first law of black hole thermo-
dynamics as
S =
∫
c2
dM
T
=
∫
C
dT
T
. (11)
Using eq.(10) and computing the above integral yields
S =
kB
8pi
12
(
Mpc
2
kBT
)2
+ β2 ln
(
kBT
Mpc2
) . (12)
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Now we will express T in terms of M so that the heat capacity and entropy can be
represented in terms of M . To do that, we first introduce the following notations for
convenience
M ′ =
8piM
Mp
; T ′ =
kBT
Mpc2
. (13)
Eq.(8) can then be recast in the following form
M ′ =
1
T ′
− α + β2T ′ (14)
leading to the following quadratic equation in T ′
β2T ′2 − (α +M ′)T ′ + 1 = 0. (15)
Solving we get T ′(T ) in terms of M ′(M)
T ′ =
1
2β2
{
(α +M ′)−
√
(α +M ′)2 − 4β2
}
(16)
where the negative sign before the square root has been taken to reproduce eq.(7) in the
α, β → 0 limit. The above relation readily implies the existence of a critical mass below
which the temperature will be a complex quantity
Mcr =
(2β − α)
8pi
Mp . (17)
In the limit α → 0, the above result reduces to the one found earlier in [21]. It is also
evident that the linear term in the momentum uncertainty in eq.(2) reduces the critical
mass. To get the actual critical mass, we set α = β/2, which yields
Mcr =
3β
16pi
Mp . (18)
Now to find out the heat capacity in terms of M ′, we square eq.(16) and substitute it in
eq.(10) to get
C =
kB
8pi
− 2β4(α +M ′)2 − 2β2 − (α +M ′)√(α +M ′)2 − 4β2 + β2
 . (19)
The remnant mass can now be obtained by setting C = 0 (at which the radiation process
stops) and this leads to
Mrem =
(2β − α)
8pi
Mp . (20)
Note that the remnant and critical masses are equal as in [21]. Once again we set α = β/2,
to get the actual remnant mass.
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Finally, we would like to express the entropy in terms of the mass. To carry this out,
we substitute eq.(16) in eq.(12) and carry out a binomial expansion keeping terms upto
leading order α2, β2 and αβ2, to get
S
kB
=
4piM2
M2p
+ α
M
Mp
+
α2 − 2β2
16pi
− β
2
8pi
ln
(
8piM
Mp
)
+
αβ2
8pi
(
Mp
8piM
)
=
SBH
kB
+
α
2
√
pi
√
SBH
kB
+
α2 − 2β2
16pi
− β
2
16pi
ln
(
SBH
kB
)
− β
2
16pi
ln (16pi)
+
αβ2
32pi
3
2
√
kB
SBH
(21)
where SBH
kB
= 4piM
2
M2p
is the semi-classical Bekenstein-Hawking entropy for the Schwarzschild
black hole.
In terms of the area of the horizon A = 4pir2s = 16pi
G2M2
c4
= 4l2p
SBH
kB
, eq.(21) can be recast
in the following form
S
kB
=
A
4l2p
+
α
2
√
pi
√√√√ A
4l2p
+
α2 − 2β2
16pi
− β
2
16pi
ln
(
A
4l2p
)
− β
2
16pi
ln (16pi) +
αβ2
32pi
3
2
√
4l2p
A
(22)
which in α→ 0 limit gives the same result as in [21]. Note that in order to get the correct
coefficients of the leading order correction terms, one has to set α = β/2. Interestingly,
we find that the linear order term in GUP leads to a
√
A correction to the area theorem.
Such a term has also been found in [23] as a correction (due to GUP) to the bound of the
maximal entropy of a bosonic field.
Keeping terms upto order β4 and α2β2 in our calculation yields
S
kB
=
A
4l2p
+
α
2
√
pi
√√√√ A
4l2p
+
α2 − 2β2
16pi
− β
2
16pi
ln
(
A
4l2p
)
− β
2
16pi
ln (16pi) +
αβ2
32pi
3
2
√
4l2p
A
+
β4
64pi2
l2p
A
− α
2β2
256pi2
(
4l2p
A
)
. (23)
Defining a new variable A′ as
A′ = A− l
2
p
4pi
(2β2 − α2) (24)
enables us to write eq.(23) as
S
kB
=
A′
4l2p
+
α
2
√
pi
√√√√A′
4l2p
− β
2
16pi
ln
(
A′
4l2p
)
− β
2
16pi
ln (16pi) +
αβ2
32pi
3
2
√
4l2p
A′
− β
4
256pi2
(
4l2p
A′
)
.
(25)
The singular mass corresponding to zero reduced horizon area(A′) can be easily computed
and reads
Msing =
√
2β2 − α2
8pi
Mp. (26)
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In the α→ 0 limit, we recover our earlier result [21]. Setting α = β/2, we get the actual
singular mass to be
Msing =
√
7β
16pi
Mp. (27)
Clearly the remnant mass (20) is greater than the singular mass which in turn implies
that the black hole avoids approaching the singularity. This completes our discussion of
the effect of GUP on the thermodynamic properties of the Schwarzchild black hole.
In the subsequent part, we consider the Reissner-Nordstro¨m black hole of mass M and
charge Q and study the effect of GUP on the thermodynamics of this black hole. In this
case, the position uncertainty of a particle near the horizon of the black hole will be of
the order of the RN radius of the black hole
δx = rh
rh =
Gr0
c2
r0 = M +
√
M2 −Q2 (28)
where rh is the radius of the horizon of the RN black hole. The momentum uncertainty
for this black hole can once again be written in terms of the temperature as in eq.(3).
Following the analysis in [21] using eq.(2), we get the relation between the mass, charge
and temperature of this black hole to be
r30
Mr0 −Q2 =
M2p c
2
2pi
{
1
kBT
− α
Mpc2
+ β2
kBT
(Mpc2)2
}
. (29)
Now using the identity
r0
(Mr0 −Q2) =
1
(r0 −M) (30)
eq.(29) can be recast as
r20
(r0 −M) =
Mp
2pi
{
Mpc
2
kBT
− α + β2 kBT
(Mpc2)
}
. (31)
The heat capacity of the black hole can now be calculated using relation (9) and eq.(31)
and becomes
C =
kB(r0 −M)3
2pir20(2r0 − 3M)
−
(
Mpc
2
kBT
)2
+ β2
 . (32)
Now to express the heat capacity in terms of the mass, we once again use eq.(13) to put
eq.(31) in the form
β2T ′2 − h(r0)T ′ + 1 = 0 (33)
h(r0) = α +
2pir20
Mp(r0 −M) .
6
Solving this equation, we get the expression for T ′(T ) in terms of the mass and charge of
RN black hole
T ′ =
h(r0)
2β2
1−
√√√√1− 4β2
[h(r0)]2
 . (34)
The negative sign has been taken again before the square root to reproduce eq.(16) in
the Q → 0 limit. The above relation immediately gives the following condition for the
temperature T ′(T ) to be real
1− 4β
2
[h(r0)]2
≥ 0 . (35)
Taking the equality sign in this condition finally gives the following cubic equation for the
critical mass below which the temperature becomes a complex quantity
4bM3cr − b2M2cr − 4bMcrQ2 +Q4 + b2Q2 = 0 ; b =
(2β − α)Mp
2pi
. (36)
Solving the above equation we get the expression for critical mass as
Mcr =
b
12
1 + b2 + 48Q2
B
1
3
+
B
1
3
b2
 (37)
where
B = b6 − 144b4Q2 − 216b2Q4 + 12
√
3b2
√
−b6Q2 + 31b4Q4 − 112b2Q6 + 108Q8. (38)
It is easy to see that this reduces to the critical mass for the Schwarzschild black hole (17)
in the Q → 0 limit, also in the α → 0 limit reproduce the value for critical mass in [21].
To get the actual critical mass, we need to set α = β/2 in the expression for b.
The heat capacity in terms of the mass can be obtained by squaring eq.(34) and substi-
tuting the expression in eq.(32):
C =
kB(r0 −M)3
2pir20(2r0 − 3M)
− 4β
4
[h(r0)]2
1{
1−
√
1− 4β2
[h(r0)]2
}2 + β2
 . (39)
To get the remnant mass, once again we set C = 0 which gives the same cubic equation
for the remnant as that for the critical mass (36). Therefore, the remnant mass is once
again equal to the critical mass (for the RN black hole) similar to the Schwarzschild black
hole.
Finally, we compute the entropy of the RN black hole. Using the expressions for temper-
ature (34) and substituting this in the expression for entropy (11), we get
S
kB
=
2β2
Mp
∫ dM
g1
{
1−
√
1− 4β2
g1
}
=
pir2h
l2p
+
α
2
rh
lp
− β
2
16pi
ln
(
pir2h
l2p
)
− β
2Q2
8M2p
(
pir2
h
l2p
)
1−
piQ2
4M2p
(
pir2
h
l2p
)

7
−αβ
2
64
− 2
pi
3
2
√(
pir2
h
l2p
) + 2Q2
M2ppi
1
2
(
pir2
h
l2p
) 3
2
− 6Q
4
√
pi
5M4p
(
pir2
h
l2p
) 5
2
+
2Q6pi
3
2
7M6p
(
pir2
h
l2p
) 7
2

=
SBH
kB
+
α
2
√
pi
√
SBH
kB
− β
2
16pi
ln
(
SBH
kB
)
− β
2Q2
8M2p
(
SBH
kB
)
1− piQ24M2p (SBHkB )

−αβ
2
64
− 2
pi
3
2
√(
SBH
kB
) + 2Q2
M2ppi
1
2
(
SBH
kB
) 3
2
− 6Q
4
√
pi
5M4p
(
SBH
kB
) 5
2
+
2Q6pi
3
2
7M6p
(
SBH
kB
) 7
2
 (40)
where SBH
kB
=
pir2h
l2p
is the semi-classical Bekenstein-Hawking entropy for the RN black hole.
In terms of the area of the horizon A = 4pir2h = 4l
2
p
SBH
kB
, the above equation can be recast
as
S
kB
=
A
4l2p
+
α
2
√
pi
√√√√ A
4l2p
− β
2
16pi
ln
(
A
4l2p
)
− β
2Q2
8M2p
(
A
4l2p
)
1−
piQ2
4M2p
(
A
4l2p
)

−αβ
2
64
− 2
pi
3
2
√(
A
4l2p
) + 2Q2
M2ppi
1
2
(
A
4l2p
) 3
2
− 6Q
4
√
pi
5M4p
(
A
4l2p
) 5
2
+
2Q6pi
3
2
7M6p
(
A
4l2p
) 7
2
 (41)
which is the area theorem with GUP corrections for the RN black hole.
We conclude by summarizing our findings. In this paper, we study the effect of
GUP (with a linear order term in momentum uncertainty) in the thermodynamics of
Schwarzschild and Reissner-Nordstro¨m black holes. We compute the critical and remnant
masses for these black holes and observe that both get reduced in the presence of the
linear order term. The computations are exact in contrast to those done in [11]. These
results may have possible applications in explaining the formation of black holes at ener-
gies higher than the energy scales of LHC [24]-[26]. The expression for the entropy reveals
the famous area theorem upto corrections terms from GUP. The leading order correction
contains a
√
A term arising due to the presence of a linear order term in momentum
uncertainty in GUP. Inclusion of higher order corrections reveal that the corrected area
theorem can be rewritten in terms of a new variable which can be termed as reduced
horizon area. The entropy shows a singularity at zero reduced horizon area from which
the singular mass is obtained. However, the black hole avoids the singularity since the
remnant mass (at which the black hole stops radiating) is greater than the singular mass.
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